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Abstract: Martin Gardner was very fond of vanishing area puzzles and devoted
two chapters to them in his first book. There are actually two distinct types.
Sam Loyd’s Vanishing Chinaman and similar puzzles have pictures which are
reassembled so a part of the picture appears to disappear. But the physical area
remains fixed. The second type cuts up an area and reassembles it to produce
more or less area, as in the classic chessboard dissection which converts the 8×8
square into a 5× 13 rectangle. Gardner had managed to trace such puzzles back
to Hooper in 1774. In 1989, I was visiting Leipzig and reading Schwenter which
referred to an error of Serlio, in his book of 1535. Serlio hadn’t realised that his
dissection and reassembly gained area, but it is clear and this seems to be the
origin of the idea. I will describe the history and some other versions of the idea.
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One of Sam Loyd’s most famous puzzles is “The Vanishing Chinaman” or “Get
off the Earth”. Martin Gardner discussed this extensively in [7] and [8].

Figure 1: “Get off the Earth”.
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However, the term “vanishing area puzzle” is used for two different types of
puzzle. In “The Vanishing Chinaman”, no actual area vanishes - it is one of the
figures in the picture that vanishes, so perhaps we should call this a “vanishing
object puzzle”. In a true “vanishing area puzzle”, an area is cut into several
pieces and reassembled to make an area which appears to be larger or smaller
than the original area. These are considerably older than vanishing object
puzzles. Martin was fond of these puzzles - indeed, his first puzzle book [6]
devotes two chapters to such puzzles - still the best general survey of them -
and he also wrote several columns about them [7, 8]. The most famous version
of these is the “Checkerboard Paradox” where an 8× 8 checkerboard is cut into
four parts and reassembled into a 5×13 rectangle, with a net gain of one unit of
area. This article is primarily concerned with the early history of such puzzles.

Figure 2: Schlomilch.

Gardner describes some 18 & 19C versions of this puzzle idea, going back to
Hooper (1774) [9], and a surprising connection with Fibonacci numbers discov-
ered in 1877 [4]. In 1988, I was visiting Leipzig and looked at some obscure
books in their library and discovered references going back to 1537.
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Figure 3: Hooper.

Let us look at the classic 8× 8 to 5× 13 of Fig. 2. The history of this particular
version is obscure. It is shown in Loyd’s Cyclopedia [10] (p. 288 & 378).
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Figure 4: LoydCyc288.

For a long time, I tended to ignore this as it seemed smudged. I later saw that
he shows that both rectangles have chessboard colouring, and he is the first to
indicate this. But when I went to scan Fig. 5, I realised that the smudge is
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Figure 5: LoydCyc278.

deliberate to conceal the fact that the colouring does NOT match up! Indeed,
the corners of a 5 × 13 board should all be the same colour, but two of them
in the solution arise from adjacent corners of the 8 × 8 chessboard and have
opposite colours!

Loyd also poses the related problem of arranging the four pieces to make a figure
of area 63, as in Fig. 3.

Figure 6: AWGL.
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The oldest known version of this is an actual puzzle, dated c1900, [1], shown in
[18] and there is a 1901 publication [5].

Loyd asserts he presented “this paradoxical problem” to the First American
Chess Congress in 1858, but it is not clear if he means the area 65 version or
the area 63 version. Loyd would have been 17 at the time. If this is true, he is
ten years before any other appearance of the area 65 puzzle and about 42 years
before any other appearance of the area 63 puzzle. I am dubious about this as
Loyd did not claim this as his invention in other places where he was describing
his accomplishments. In 1928, Sam Loyd Jr. [11] describes the area 63 version
as something he had discovered, but makes no claims about the area 65 form,
although he often claimed his father’s inventions as his own. For example, on
p. 5, he says “My ”Missing Chinaman Puzzle” of 1896.

The first known publication of the 8×8 to 5×13, Fig. 2, is in 1868, in a German
mathematical periodical, signed Schl. [14]. In 1938, Weaver [12] said the author
was Otto Schlömilch, and this seems right as he was a co-editor of the journal
at the time. In 1953, Coxeter [3] said it was V. Schlegel, but he apparently con-
fused this with another article on the problem by Schlegel. Schlömilch doesn’t
give any explanation for this “teaser”, leaving it as a student exercise!

In 1886, a writer [13] says: “We suppose all the readers . . . know this old puzzle.”

By 1877 [4], it was recognised that the paradox is related to the fact that
5 × 13 − 8 × 8 = 1 and that 5, 8, 13 are three consecutive Fibonacci numbers.
Taking a smaller example based on the numbers 2, 3, 5 makes the trickery clear.

Figure 7: Nine to Ten.

One can also make a 5× 5 into a 3× 8, but then there is a loss of area from the
square form.

However, there are other versions of vanishing area or object puzzles. Since
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1900 several dozen have been devised and there are examples where both some
area and an object vanish!

Figure 8: CreditSqueeze.

This is a fairly common magician’s trick, taking a 7 × 7 square array of “£”
signs and rearranging to get a 7× 7 square array of “£” signs and an extra unit
square containing an extra “£” sign. My version, called “Credit Squeeze”, using
“£”, is attributed to Howard Gower, but Michael Tanoff kindly obtained for me
an American version, using $, called “It’s Magic DOLLAR DAZE”, produced
by Abbott’s with no inventor named. Lennart Green uses a version of this in
his magic shows, but he manages to reassemble it three times, getting an extra
piece out each time! Needless to say, this involves further trickery. A version of
this is available on the Internet.

But there are earlier examples. Gardner and others tracked the idea back to
Hooper [9] in 1783, as seen in Fig. 3. Here we have a 3 × 10 cut into four
pieces which make a 2× 6 and a 4× 5. However, Hooper’s first edition of 1774
erroneously has a 3× 6 instead of a 2× 6 rectangle and notes there are now 38
units of area. This was corrected in the second edition of 1783 and this version
occurs fairly regularly in the century following Hooper.
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In 1989, I visited Leipzig and was reading Gaspar Schott [15] where I found a
description of a version due to the 16C architect Serlio [17]. I managed to find
the Serlio reference, which is in his famous treatise in five books on architecture.

Sebastiano Serlio (1475-1554) was born in Bologna and worked in Rome in
1514-1527 with the architect Peruzzi. He went to Venice and began publishing
his Treatise, which appeared in five parts in 1537-1547. This was a practical
book and greatly influential. He influenced Inigo Jones and Christopher Wren.
Wren’s design of the Sheldonian Theatre in Oxford is based on Serlio’s drawings
of the Roman Theatre of Marcellus. Serlio also describes the “Chinese Lattice”
method of spanning a roof using beams shorter than the width. This was studied
by Wallis, leading to a system of 25 linear equations for the Sheldonian roof. In
1541, François I summoned Serlio to France and he founded the classical school
of architecture in France. He designed the Château of Ancy-le-Franc and died
at Fontainebleu.

Figure 9: SerlioRot.

Fig. 9 comes from the 1982 Dover English edition, f. 12v. He is taking a 3× 10
board and cuts it diagonally, then slides one piece by 3 to form an area 4 × 7
with two bits sticking out, which he then trims away. He doesn’t notice that
this implies that the two extra bits form a 1 × 3 rectangle and hence doesn’t
realize the change in area implied.
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Already in 1567, Pietro Cataneo [2] pointed out the mistake and what the cor-
rect process would be.

I later found a discussion of this in Schwenter [16], citing another architect, so
this was well known in the 16−17C, but the knowledge disappeared despite the
fact that Serlio’s book has been in print in Italian, Dutch, French and English
since that time and Schwenter was fairly well-known.

Since that time, I have found two other late 18C examples, possibly predating
Hooper.

Charles Vyse’s The Tutor’s Guide [19], was a popular work, going through at
least 16 editions, during 1770-1821. The problem is: “A Lady has a Dressing
Table, each side of which is 27 Inches, but she is desirous to know how each Side
of the same may = 36 Inches, by having 4 foot of Plank, superficial Measure,
joined to the same. The Plan in what Manner the Plank must be cut and
applied to the Table is required?” [The plank is one foot wide.] The solution is
in: The Key to the Tutor’s Guide [19] (p. 358).

Figure 10: Vyse’s Solution.

She cuts the board into two 12”× 24” rectangles and cuts each rectangle along
a diagonal. By placing the diagonals of these pieces on the sides of her ta-
ble, she makes a table 36” square. But the diagonals of these triangles are
12

√
5 = 26.83 . . .”.

Note that 272 + 12× 24 = 1305 while 362 = 1296. Vyse is clearly unaware that
area has been lost. By dividing all lengths by 3, one gets a version where one
unit of area is lost. Note that 4, 8, 9 is almost a Pythagorean triple. I have not
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seen the first edition of this work, but the problem is likely to occur in the first
edition of 1770 and hence predates Hooper. Like Serlio, the author is unaware
that some area has vanished!

The 1778 edition of Ozanam by Montucla [12] has an improvement on Hooper.

Figure 11: Ozanam.

The image is Fig. 127, plate 16, p. 363 for prob. 21, pp. 302-303 in my copy of
the 1790 reissue. This has 3×11 to 2×7 and 4×5. Here just one unit of area is
gained, instead of two units as in Hooper. He remarks that M. Ligier probably
made some such mistake in showing 172 = 2× 122 and this is discussed further
on the later page.

In conclusion, we have found that vanishing area puzzles are at least two hundred
years older than Gardner had found. We have also found a number of new forms
of the puzzle. Who knows what may turn up as we continue to examine old
texts? I think Martin would have enjoyed these results.
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