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Games and Puzzles

The Tetraball Puzzle

John H Conway, Richard Esterle
Princeton University, Artist

r.esterle@gmail.com

Abstract: In this paper, the Tetraball Puzzle, a spatial puzzle involving tetra-
hedral arrangements, is presented and discussed.

Key-words: Spatial puzzles, tetrahedral arrangements, packing problems.

1 The puzzle

A Tetraball is made of 4 equal size balls each of which touches the others (Figure
1). This tetrahedral arrangement of balls is the smallest non-trivial case of a
tetrahedral stack of balls, which, if there are n balls per edge, has the nth
tetrahedral number,

T (n) =
n(n+ 1)(n+ 2)

6

balls in all. Figure 2 illustrates the case T (4) = 20 balls.

Figure 1: Tetraball.

The spheres of any such arrangement can be colored in 4 colors so as to satisfy
the usual coloring condition that any two spheres that touch must be colored
differently.
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6 The Tetraball Puzzle

Figure 2: T (4).

The Tetraball Puzzle asks to assemble five such 4-colored 2-stacks, or “tetra-
balls” into a 4-stack so as to satisfy this coloring condition.

The attentive reader will have noticed that we have not uniquely defined our
problem, because the tetraball has two enantiomorphous (mirror image) forms,
so there are really three problems according to how many of each form there
are, namely 5 − 0, in which the tetraballs are all the same, 1 − 4 in which one
is different to the other 4, and 3− 2 in which 3 are different from the other 2.
All three problems are uniquely solvable and not extremely hard, although our
quick-fire treatment will make them seem much easier than they really are.

2 Discussion

To work! When the puzzle is solved, it will contain one central tetraball and 4
corner ones. We can suppose that the central one is as in Figure 3 with the bot-
tom sphere yellow. The topmost sphere of the upper tetraball is either yellow
(Figure 3) or another color (Figure 4). For each possibility there are two cases
called:

unchanged
The top sphere of the top piece is the same color as the bottom sphere of the
central piece (Figure 3). This implies that the colors of the remaining spheres
are completely determined, since each already touches spheres of 3 other colors
and must be colored in the fourth, and we find that the two pieces are enan-
tiomorphs of each other. A circled vertex in a geometrical diagram (Figure 8)
indicates that the piece at that vertex is unchanged.
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John H Conway, Richard Esterle 7

Figure 3: Unchanged.

exchanged
In this second case the bottom sphere of the central piece is yellow (say), while
the top sphere of the top piece is another color, say blue. The coloring of the
top piece is unique (given this information), and we find the two pieces are
identical rather than enantiomorphic. The exchanged coloring is obtained from
the unchanged one by interchanging the colors blue and yellow for that piece.
We indicate this exchange of colors on a piece at vertex A by a double arrow on
the appropriate half of an edge.

Figure 4: Exchanged.

Now the four balls along any edge belong to two pieces. So when this exchange
happens to the first and second spheres along the edge, the third sphere must
change, otherwise it would be the same color as the second. The only possibility
now exists that the other is exchanged. So in our sketch, the other half of that
edge must have a double arrow.

We call this process “trading up” the edge AB. Now there are only two possi-
bilities, either the pieces at CD are unchanged or both exchanged as the pieces
in edge AB, i.e., “trading up”. We have now proved that, up to symmetry, the
tetraball puzzle has just three solutions, classified by the number of edges we
have traded up (since we often use square diagrams, we will denote “diagonals”
and “boundaries”).

We call them 0 up, 1 up or 2 up as follows (Figures 5, 6 and 7):

0 up – The 4 vertex pieces are the same as each other and opposite to the cen-
tral piece so the splitting is 1

4 . In the orbifold notation it is ∗322 [1], the full
tetrahedral group, of order 24. All edges have just 2 colors.
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8 The Tetraball Puzzle

Figure 5: 0 up.

1 up – The central piece is 1 of 3 that are opposite to the other 2, making the
splitting be 3/2. The symmetry group is ∗22 of order 4, the same as that of a
rectangular table. The 4 “boundary” edges have been increased to 3 colors and
the 2 “diagonal” edges remain 2-colored.

Figure 6: 1 up.

2 up – All five pieces are the same. (splitting 5/0). The symmetry group is 2 ∗ 2
of order 8, the same as that of a tennis ball. The 4 boundary edges are now
upped to 4 colors, leaving the two diagonals 2-colored. Some of these properties
can be stated uniformly: t up – maximum number of colors per edge = 2 + t;
number of vertex pieces identical to the central piece = 2t. The pieces therefore
split as (2t+ 1) : (4− 2t).

Figure 7: 2 up.
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John H Conway, Richard Esterle 9

Figure 8: Geometric diagram.
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Games and Puzzles

Some early topological puzzles

Part 2∗

David Singmaster
London South Bank University†

zingmast@gmail.com

An earlier version of this was presented at the Fourth Gathering for Gardner, Atlanta, 19 Feb
2000. Because there were too many pictures, it was not included in the proceedings of that
meeting [22]. I have scanned in the 24 pictures that I showed as OHP slides and seven extra
pictures and corresponding material. I have now inserted these in this version of this work,
with the picture name after each Figure reference.

The most important development in the field is that Dario Uri has systematically examined
Part Two of the Pacioli MS which I had found difficult [19]. He has discovered that the
following puzzles occur. The Alliance or Victoria Puzzle, Cap. c, cii & ciii. Solomon’s Seal,
Cap. ci. The Cherries Puzzle, Cap. ciiii & cx (the latter being with a tube). The Chinese
Wallet, Cap. cxxxii. As mentioned below, I had already noticed Cap. c & ci, and a bit later
I noticed ciiii, but had set the transcription aside to work on later. In addition, Dario has
found that Cap. cvii is the Chinese Rings! Further, Cap. cxiiii is the problem of joining
three castles to three wells by paths that do not cross; Cap. cxvii is a trick of removing a ring
from a loop between a person’s thumbs – cf the top of Figure 12: Schwenter410; Cap. cxxi
is the trick where strings are just looped inside a ball so they can pulled away; Cap. cxxix is
the problem of making a support from three knives. As far as we know, these are the earliest
appearance of all these puzzles. There are about 140 problems in this Part! Unfortunately,
though Pacioli refers to diagrams, the only diagram in the MS is for Cap. c. Perhaps Dario
will find the missing drawings in the library at Bologna. Dario has found that Cap. cxxix
refers to Pacioli being shown the problem on 1 Apr 1509, so this MS should be dated as 1510?

I have just added much further material on two topological patterns: The Star of David and
The Borromean Rings; The Möbius Strip; which go back rather further than I knew.

∗First part: David Singmaster. “Some early topological puzzles: Part 1”, Recreational
Mathematics Magazine 3, 9–38, 2015.

†School of Computing, Information Systems and Mathematics South Bank University;
London, SE1 0AA, UK; Last amended on 25 Dec 2014.
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12 Some Early Topological Puzzles - Part 2

Abstract: For some time, I considered the 1723-1725 edition of Ozanam’s
Récréations mathématiques et physiques as the first book to cover topological
puzzles in detail and I only knew of a few earlier examples. Ozanam certainly
gives many more examples than any previous book. In the last few years, I have
discovered some early sources which show several topological puzzles as being
considerably older than I previously knew. Here I show them.

Key-words: Topological puzzles, The Cherries Puzzle, Six-Piece Burrs

6 The Cherries Puzzle

This comes in two common forms (Figure 32). Both are given in Ozanam [11].
The classic cherries form is [[11], vol. iv, prob. 33, p. 436 & fig. 39, plate 12
(14)]: On peut passer des queues de Cerises dans un papier . . .

Figure 32: Ozanam 33.
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Here I have not found anything earlier than Witgeest [[21], prob. 19, pp.
162-163], who has a delightful picture with realistic cherries (Figure 33).

Figure 33: Witgeest 162.
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14 Some Early Topological Puzzles - Part 2

Another pleasant picture (Figure 34) comes from Minguét, the first magic
book in Spanish, from 1733 [[9], pp. 112-113].

Figure 34: Minguét 112.
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The second version has a folded piece of paper or leather hanging from a
card or tube which has two parallel cuts along much of it (Figure 35). The
paper has large ends and there is a ring on the thin part which cannot go over
the ends. The solution is essentially the same as for the Cherries Puzzle. We
have already seen this in Ozanam, Prob31 [[11], vol. iv, prob. 30, p. 434 & fig.
36, plate 11 (13)].

Figure 35: Ozanam 31.
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16 Some Early Topological Puzzles - Part 2

Here (Figure 36) we find a version in Schwenter [[15], part 10, exercise 30,
p. 411].

Figure 36: Schwenter 411.
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And a quite different version (Figure 37) in Witgeest [[20], prob. 18, pp.
160-161].

Figure 37: Witgeest 161.
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18 Some Early Topological Puzzles - Part 2

7 Six-Piece Burrs

This is not really topological, but I have found a much earlier version than
previously known from an unexpected area. For some time, the example called
Die kleine Teufelsklaue (the little Devil’s claw, item 147) in the 1801 catalogue
of Bestelmeier was the earliest known. About twenty years ago, I turned up the
1790 catalogue of the predecessor firm of Catel which has the same figures – see
item 16 in the Figure 38.

Figure 38: Bestelmeier-Catel.
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Dieter Gebhardt and Jerry Slocum then did a lot of hunting through Ger-
man libraries and found the original parts of the Bestelmeier catalogue and early
price lists of Catel, so we know the dates can be revised backward to 1794 and
1785 respectively [17]. However, the earliest known diagram (Figure 39) of the
pieces was in The Magician’s Own Book of 1857, where it is called The Chinese
Cross [[8], prob. 1: The Chinese Cross, pp. 266-267 & 291].

Figure 39: MOB 266.

Surprisingly, I found the clearer diagram (Figure 40) in Minguét of 1733 [[9],
pp. 103-105], where it is just called a star. Piece 3 must be duplicated and
there is a plain key piece. This is not the same burr as the previous one.

Figure 40: Minguét 103.
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20 Some Early Topological Puzzles - Part 2

8 Conclusions

Although recent work has pushed back our knowledge of these problems, some-
times by several hundred years, it seems clear that we really don’t know the
origins of them. None of the sources cited are massively original; they are
simply compilations of well known examples of their time.

9 Appendix: Chinese Rings

This is so well known that I won’t try to explain it. There are several Oriental
stories about its origins, but I have not yet seen any definite evidence to support
these stories. One of the earlier versions is in Ozanam [[11], vol. iv; unnumbered
figure on plate 14 (16)], which has already been seen in Figure 14, [11], prob.
40 (Figure 41). Interestingly, there is no text corresponding to this picture.

Figure 41: Ozanam, prob. 40.
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The first person to analyse the problem was John Wallis [De Algebra Tracta-
tus, 1685, Not Yet Seen, but = Opera Math., Oxford, 1693, vol. II, chap. cxi, De
Complicatus Annulis, pp. 472-478] and he gives several illustrations (Figure 42).

Figure 42: Wallis 473.
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Until Dario Uri’s recent discovery of the Chinese Rings in Pacioli, c1500
[19], the earliest known version of the puzzle was given by Cardan in 1550 [3]
[Girolamo Cardano (= Hieronymus Cardanus); De Subtilitate Libri XXI ; J. Pe-
treium, Nuremberg, 1550, and many later printings and editions; Liber XV ;
Instrumentum ludicrum, pp. 294-295]. This is a very cryptic description - see
the Figure 43. Note Cardan’s diagram of a single ring! In the 1663 Opera Om-
nia, the ring is stretched and labelled “Navicula” (little boat).

Figure 43: Cardan 294.
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Wei Zhang produced a new edition (Figure 44) of a Chinese work at the
time of the Fourth Gathering for Gardner and I have the following slides in my
folder, probably made shortly after receiving the book.

Figure 44: Zhang’ Back Cover.
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Ch’ung-En Yü. Ingenious Ring Puzzle Book (Figure 45). In Chinese: Shang-
hai Culture Publishing Co., Shanghai, 1958. English translation by Yenna Wu,
published by Puzzles – Jerry Slocum, Beverly Hills, Calif., 1981. On p. 6, it
states that the puzzle was well known in the Sung Dynasty (960-1279). [There
is a recent version, edited into simplified Chinese (with some English captions,
etc.) by Lian Huan Jiu, with some commentary by Wei Zhang, giving the au-
thor’s name as Yu Chong En, published by China Children’s Publishing House,
Beijing, 1999.]

Figure 45: Zhang’ Plate 4.
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1 The Hardest Logic Puzzle Ever

In [1] George Boolos presents the following intriguing logic puzzle (together
with a solution). Boolos attributes the puzzle to Raymond Smullyan and dubs
it “The Hardest Logic Puzzle Ever”.

(HLPE) Three gods A, B, and C are called, in some order, True, False, and
Random. True always speaks truly, False always speaks falsely, but
whether Random speaks truly or falsely is a completely random
matter. Your task is to determine the identities of A, B, and C
by asking three yes-no questions; each question must be put to
exactly one god. The gods understand English, but will answer all
questions in their own language, in which the words for “yes” and
“no” are “da” and “ja”, in some order. You do not know which
word means which.

Boolos’ method of solution reveals that the puzzle contains uncoupled layers of
complexity that may be tackled independently. Once some god is known not to
be Random, the truth value of statement S may be determined from that god’s
answer to “Does ‘da’ mean true iff (you are True iff S)?” Accordingly, in the
HLPE-inspired puzzle I offer here, ‘da’ and ‘ja’ are eliminated in favor of simple
‘yes’ and ‘no’ answers, and only one species of nonrandom god is used. The
puzzle focuses on the problem of separating truthful gods from random gods.
This is similar to and yet, as we will see, distinctly different from the HLPE
‘layer’ handled by finding a god who does not answer randomly. Furthermore,
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30 A Random Logic Puzzle

to ratchet up the difficulty and inject an algorithmic analysis flavoring we will
not specify an allotment of questions, but rather make the determination of an
optimal strategy the heart of the puzzle.

2 The Random Logic Puzzle

Here’s the random logic puzzle.

(RLP) Two of four gods are called True, and the other two are called
Random. Each of the two called True always answer questions
truly. The responses of the two called Random are generated
randomly. Your task is to separate the Trues from the Randoms
by asking as few yes-no questions as necessary. Each question must
be addressed to exactly one god.

Although some clarification is in order, those puzzle enthusiasts who prefer to
attack problems without even a whiff of a hint may wish to set this paper aside
and take a crack at the RLP now.

3 Representing Solution Strategies

Boolos’ solution to the HLPE makes essential use of the freedom to choose the
second question’s addressee on the basis of the answer to the first question.
Indeed any solution to the HLPE must exploit this freedom. So a solution
strategy is inherently more flexible (and complicated) than a simple list of
questions. A strategy for the RLP may be modelled as a (finite) rooted binary
tree with a question and an addressee specified at each internal node, and a
partition of the gods into two pairs specified at each leaf. The root represents
the opening question, each internal right child represents the question to be
posed if the parent question has been answered affirmatively, and each internal
left child represents the question to be posed if the parent question has been
answered negatively. A strategy may be called successful if at each leaf there is
no assignment of names to gods which is consistent with all the answers leading
from the root to the leaf, but inconsistent with the partition given at the leaf.
The RLP’s task is to establish the minimum possible height of a successful
strategy.

Figure 1 illustrates an unsuccessful strategy which might fittingly be called the
naive strategy. The four gods have been labelled A, B, C and D arbitrarily.
Notice for example that the leaf at the end of a YES, YES answer sequence is
consistent with A and C as Randoms and B and D as Trues. Yet this naming
scheme is inconsistent with the partition {{A,B}, {C,D}} at the leaf.

4 Clarifications

In [3] Rabern and Rabern propose a solution to the HLPE using only two yes-no
questions. They argue that the question ‘Are you going to answer this question
with the word that means no in your language?’ can not be answered truthfully
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Ask A “Are you True?′′

Y ES

NO

Ask A “Is B True?′′

NO

Y ES
{{A,B}, {C,D}}

Ask A “Is C True?′′

Y ES

NO

{{A,C}, {B,D}}

{{A,D}, {B,C}}

Ask B “Are you True?′′

Y ES

NO

Ask B “Is C True?′′

Y ES

NO

{{A,D}, {B,C}}

{{A,C}, {B,D}}

{{A,B}, {C,D}}

b

b

b b

b

b b

b b

b

b

b

b

b b

b

b

b

b

b

b

Figure 1: An unsuccessful strategy

by True, and thus, if he is the addressee of this question his head must explode
revealing his identity. Notice that our model of a strategy implicitly precludes
such questions. Admissible questions can not have any outcome other than a
yes or no answer. (From here on this requirement on yes-no questions will be in
force not just in our treatment of the RLP, but also in our continuing discussion
of the HLPE.) Furthermore, it should be understood that

Each time one of the Randoms is asked a question, the response is deter-
mined at random independently of any prior responses from that god or
the other Random.

Each god knows his own identity as well as the identities of the other gods.

Once the gods have been separated into two pairs it is not required to
specify which pair is which, and

The gods are distinguishable in a manner that permits questions to ref-
erence a specific god or subset of the gods other than the addressee, and
enables the questioner (and the gods themselves) to know at all times
which god was addressed in any previous question, and which god(s) were
referenced. (This assumption was already applied in our use of the labels
A, B, C and D for the four gods.)
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32 A Random Logic Puzzle

Those readers who haven’t taken a crack at the puzzle yet are encouraged to do
so now.

5 Information Theoretic Bounds

Since there’s no limit to the number of questions which can be contrived, proving
the optimality of a strategy may appear to be a daunting task. In the case
of the HLPE, however, a simple information theoretic observation proves the
optimality of any correct three question strategy. In that puzzle there are six
possible assignments of names to gods that must be discriminated amongst.
The answers to two yes-no questions (two bits of information) can discriminate
among at most four cases. (cf. [2]) So what’s the information theoretic lower
bound on the number of questions required by the RLP? Since there are only
three ways to partition a set of four elements into two pairs, only two bits of
information are needed. Here, however, the simple information theoretic lower
bound can not be achieved. We’ll need a more careful accounting of what can
and can not be learned from arbitrary yes-no questions.

6 The Tree of Knowledge

Let’s track information by annotating each node in a strategy tree with the set
of assignments of names to gods which are consistent with the answers that lead
to the node. We’ll call this annotated tree the strategy’s tree of knowledge. (In
effect we’re characterizing each question by the relevant knowledge which may
be gleaned from its answer. This characterization transforms the unbounded
class of allowed questions into a finite, and thus readily analyzed, set.) Notice
that for a successful strategy tree, the annotation at each leaf must be a subset
(not necessarily proper) of the complementary pair of name assignments which
are consistent with the partition specified at the leaf.

Figure 2 shows the tree of knowledge for the unsuccessful naive strategy of Figure
1. The one leaf with a “correct” partition is marked with a X, the others with ✗.
Let’s adopt a shorthand for assignments of names to gods. A string with two ‘T’s
and two ‘R’s represents an assignment which gives the name True to A (resp. B,
C, D) if the first (resp. second, third, fourth) character in the string is ‘T’, and
gives the name Random to A (resp. B, C, D) if the first (resp. second, third,
fourth) character is ‘R’. Let U = {TTRR,TRTR,TRRT,RTTR,RTRT,RRTT}
be the collection of all possible assignments. This collection U decomposes into
three mutually disjoint pairs of complementary assignments {TTRR,RRTT},
{TRTR,RTRT} and {TRRT,RTTR} each of which corresponds to a possible
separation of the Randoms from the Trues. For convenience introduce the
following notation. Let N be the set of all nodes in a strategy’s knowledge
tree. At each node P ∈ N , k(P ) equals the subset of U stored at P . At each
internal node P , kl(P ) = k(P ’s left child) and kr(P ) = k(P ’s right child). So
in particular the tree of knowledge for any strategy satisfies k(root) = U . Also
we clearly have kl(P ) ⊆ k(P ) and kr(P ) ⊆ k(P ) at every internal node P .
Our assumption that any admissible question must result in a yes or no answer
yields kl(P )∪ kr(P ) = k(P ) for every internal node P . Now let’s partition each
collection k(P ) into kR(P ) and kT (P ) where kR(P ) contains the assignments in
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{TTRR, TRTR, TRRT,RTTR,RTRT,RRTT}
Ask A “Are you True?′′

Y ES {TTRR, TRTR, TRRT,RTTR,RTRT,RRTT}
Ask A “Is B True?′′

Y ES

NO

{TTRR,RTTR,RTRT,RRTT}
{{A,B}, {C,D}}✗

{TRTR, TRRT,RTTR,RTRT,RRTT}
Ask A “Is C True?′′

Y ES

{{A,C}, {B,D}}✗

{TRTR,RTTR,RTRT,RRTT}

{TRRT,RTTR,RTRT,RRTT}
{{A,D}, {B,C}}✗

NO

NO

Y ES

Y ES

NO

NO

{RTTR,RTRT,RRTT}
Ask B “Are you True?′′

{RTTR,RTRT,RRTT}
Ask B “Is C True?′′

{RTTR,RRTT }

{RTRT,RRTT }

{{A,D}, {B,C}}✗

{{A,C}, {B,D}}✗

{RRTT }
{{A,B}, {C,D}}X

b

b

b

b

b

b

b

b

b

b

b

b

b b

b

b

b

b

b b

b

Figure 2: Naive strategy’s tree of knowledge

k(P ) which give the name Random to the addressee of the question at P , and
kT (P ) = k(P ) \ kR(P ) contains the assignments in k(P ) which give the name
True to the addressee at P . Since each Random may answer yes or no to any
question in any context, kR(P ) ⊆ kl(P ) and kR(P ) ⊆ kr(P ) at each internal
node P .
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7 Improving Lower bounds

The observations and notational conventions of the previous section prepare us
to prove

The Progress Speed Limit Lemma.
For each P ∈ N , max{|kl(P )|, |kr(P )|} > |k(P )| − 1.

In other words, there is never any question whose answer is guaranteed to enable
us to eliminate more than one possible naming scheme from consideration.

Proof. The collection U itself only has three assignments that give the name
True to any one god. So regardless of the addressee of the question at P ,
|kT (P )| must always be less than or equal to 3. The inclusion kT (P ) ⊆ k(P ) =
kl(P ) ∪ kr(P ) implies that kT (P ) \ kl(P ) and kT (P ) \ kr(P ) are disjoint. So
|(kT (P ) \ kl(P )) ∪ (kT (P ) \ kr(P ))| 6 |kT (P )| 6 3, and at least one of the two
sets kT (P ) \ kl(P ) and kT (P ) \ kr(P ) has size less than or equal to 1. Suppose
|kT (P ) \ kl(P )| 6 1. Then since kR(P ) ⊆ kl(P ) we know k(P ) \ kl(P ) =
kT (P ) \ kl(P ). Thus |k(P ) \ kl(P )| 6 1. So |kl(P )| ≥ |k(P )| − 1. Similarly, if
|kT (P ) \ kr(P )| 6 1, then |kr(P )| > |k(P )| − 1. �

As noted earlier, |k(root)| = |U | = 6. Since there are only two assignments of
names to gods compatible with each separation of the gods into pairs, for every
leaf in any successful strategy tree |k(leaf)| 6 2. It thus immediately follows
from the Progress Speed Limit Lemma that an optimal RLP strategy tree has
a height of at least four. In other words, there is no successful strategy that
never requires the use of more than three questions. Though this lower bound
improves upon the simple information theoretic lower bound of two, it still fails
to be tight. The following additional observation will show that a successful
RLP strategy tree must in fact have a height of at least five.

Lemma. If |k(P )| = 3 for some node P in a successful RLP strategy tree, then
P ’s children can’t both be leaves.

Proof. Given |k(P )| = 3, |kl(P )| and |kr(P )| can’t both be less than or equal
to 1 since kl(P ) ∪ kr(P ) = k(P ). Similarly, |kl(P )| = 2, |kr(P )| = 0 and
vice versa are impossible. Furthermore kl(P ) and kr(P ) cannot both consist of
complementary pairs. Since distinct complementary pairs are disjoint, if both
kl(P ) and kr(P ) were complementary pairs, then |k(P )| = |kl(P )∪kr(P )| would
be 2 or 4. Finally we need to consider (and dismiss) the possibility that one
of the sets kl(P ) and kr(P ) is a complementary pair and the other a singleton.
Suppose, for instance, kl(P ) = {TRRT,RTTR} and kr(P ) = {WXYZ}, where
WXYZ represents some element of U . If the addressee of the question at
P is B or C, then TRRT∈ kR(P ) ⊆ kr(P ) forces WXYZ=TRRT, which is
impossible. Similarly, if the addressee of the question at P is A or D, then
RTTR∈ kR(P ) ⊆ kr(P ) forces WXYZ=RTTR, which is also impossible. The
other permutations are perfectly analogous. �

From the preceding arguments and observations a successful strategy tree must
have some node P with |k(P )| = 3. This node must be at a depth of at least 3
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from the root. This node must also have some descendant with depth greater
by at least 2. So the height of a successful RLP strategy tree must be at least 5.
This time we’ve finally honed in on the answer. All that remains is to exhibit a
successful strategy with a tree of height exactly 5. (This result may be labelled
a theorem by any reader who feels the use of lemmas so demands.)

8 An Optimal Strategy

Though the construction of an optimal strategy leaves us with plenty of lati-
tude, it will be convenient to exploit the notation and structures we’ve already
introduced. Although the decomposition k(P ) = kR(P )∪kT (P ) depends on the
addressee of the question at P , note that k(P ) itself is determined by the part
of the strategy tree strictly above node P . So node P may be constructed from
k(P ). (This is even vacuously true at the root.) If there is some X from {A,
B, C, D} such that X is assigned the name True by more than one element of
k(P ) then clearly there is some Y from {A, B, C, D}\{X} such that X and Y
are both assigned True by one element, say α, of k(P ), while X and not Y are
assigned True by another element, say β, of k(P ). In this case let node P be an
internal node with the question “Is Y named True?” addressed to X . Otherwise,
let P be a leaf. Notice that when P is made into an internal node kr(P ) must
contain α and not β, while kl(P ) must contain β and not α. It follows both
that max{|kl(P )|, |kr(P )|} 6 |k(P )| − 1 and that kl(P ) and kr(P ) are both
nonempty. Thus any internal node P (for which |k(P )| is clearly greater than
or equal to 2) has depth at most four. So our construction yields a tree with
depth at most five, as claimed. For any leaf P there is no X in {A, B, C, D}
such that X is assigned the name True by more than one element of k(P ). This
implies that the nonempty set k(P ) is either a singleton or a complementary
pair. Either way the leaf P can be assigned a partition of {A, B, C, D} into
two pairs which is consistent with k(P ). This completes the construction of a
successful optimal strategy.

9 Exercises

Clearly the RLP may be viewed as a special case of the parametrized family of
similar puzzles with n Trues and m Randoms. Our original statement of the
RLP presumes the existence of a successful strategy. The interested reader is
invited to show that this presumption is justified whenever n > m, but does not
hold when m > n > 0. The final exercise left to the reader is to demonstrate
the claim made earlier that any solution to the HLPE must exploit the freedom
to choose the second question’s addressee on the basis of the answer to the first
question.

References

[1] G. Boolos. “The hardest logic puzzle ever”, The Harvard Review of
Philosophy (6), 1996.

Recreational Mathematics Magazine, Number 4, pp. 29–36



36 A Random Logic Puzzle

[2] G. Brassard and P. Bratley. Fundamentals of Algorithmics, Englewood Cliffs,
NJ: Prentice-Hall, 1996.

[3] B. Rabern and L. Rabern. “A simple solution to the hardest logic puzzle
ever”, Analysis (68), 2008.

[4] T.S. Roberts. “Some thoughts about the hardest logic puzzle ever”, Journal
of Philosophical Logic (30), 2001.

Recreational Mathematics Magazine, Number 4, pp. 29–36



Math and Fun with Algorithms

A Recursive Solution to Bicolor

Towers of Hanoi Problem

Prasad Vithal Chaugule
Former student, Dr. Babasaheb Ambedkar

Technological University, India
M. Tech student, VJTI, Mumbai, India

prasadvchaugule@gmail.com

Dedicated to my father to whom it would never reach.

Abstract: In this paper, we present a recursive algorithm to solve bicolor towers
of Hanoi problem.

Key-words: Algorithms, recursion, towers of Hanoi.

1 Introduction

The bicolor towers of Hanoi problem is a variation of traditional towers of Hanoi
[1] problem. It was offered to grade 3-6 students at 2ème Championnat de France
des Jeux Mathématiques et Logiques held in July 1988 [2]. Suppose there are
three pegs, A, B and Via. Suppose there are two sets of disks α and β, where
α = { αi | 1 6 i 6 n } and β = { βi | 1 6 i 6 n } such that color of every
disk in α is white and color of every disk in β is black. Also, for every i, radius
of αi is i and radius of βi is i. Suppose there are placed a finite number of n
disks of alternating colors on pegs A and B with decreasing size from bottom to
top. Peg Via is an auxillary peg. The goal of the problem is to make the towers
of pegs A and B monochrome. The biggest disks at the bottom of the pegs A
and B are required to swap positions. The rules of the problem are the following:

1. Only one disk can be moved at any time.

2. At no time can a larger disk be placed on a smaller disk. Same size disks
can be placed over one another.

Figures 1a and 1b show the initial and final configuration of bicolor towers of
Hanoi problem for n = 4. Out of the bicolor towers of Hanoi problem, we derive
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a new problem, which is same as the bicolor towers of Hanoi problem except
that in this variation, we compel the output configuration to maintain the base
disks of pegs A and B in their original place as was in its original configuration.
We name this problem as easy bicolor towers of Hanoi problem. Figures 2a
and 2b show the initial and final configuration of easy bicolor towers of Hanoi
problem for n = 4. Hereafter, we refer the bicolor towers of Hanoi problem as
the bicolor problem and the easy bicolor towers of Hanoi problem as the easy
bicolor problem.

(a) (b)

Figure 1: (a) Initial configuration of bicolor towers of Hanoi problem (n = 4).
(b) Final configuration of bicolor towers of Hanoi problem (n=4).

(a) (b)

Figure 2: (a) Initial configuration of easy bicolor towers of Hanoi problem (n=4).
(b) Final configuration of easy bicolor towers of Hanoi problem (n=4).

2 Double Towers of Hanoi Problem

We will study another variation to traditional towers of Hanoi problem which
is double towers of Hanoi problem. Suppose there are three pegs, A, B and
Via. Suppose there are two sets of disks α and β, where α = { αi | 1 6 i 6
n } and β = { βi | 1 6 i 6 n } such that color of every disk in α is white
and color of every disk in β is black. Also, for every i, radius of αi is i and
radius of βi is i. Suppose there are placed a finite number of 2n disks on peg A
with non-increasing size from bottom to top such that for every same size pair,
the black disk is always placed below the white disk. Peg Via is an auxillary
peg. The goal of the problem is to move all the disks from peg A to peg B.
In the output configuration on peg B, for every same size disk pair, the black
disk is supposed to get placed below the white disk. The rules of the problem
remains the same. Figures 3a and 3b show the initial and final configuration of
double towers of Hanoi problem for n=4. Algorithm 1 solves the double towers
of Hanoi problem with a small fault in the output configuration. The fault in
the output configuration is that the position of the bottommost same size disk
pair gets swapped, that is, the white disk get placed below the black disk as
shown in Figures 4a and 4b.
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To overcome this fault, we present enhanced double towers of Hanoi algorithm
which calls the double towers of Hanoi routine twice to overcome this fault.
The correctness of algorithm 1 (with the fault) is straightforward whereas the
correctness of algorithm 2 is shown in Figures 5a and 5b.

(a) (b)

Figure 3: (a) Initial configuration of double towers of Hanoi problem (n=4). (b)
Final configuration of double towers of Hanoi problem (n=4).

(a) (b)

Figure 4: (a) Initial configuration of double towers of Hanoi problem (n=4).
(b) Final configuration of double towers of Hanoi problem with a fault due to
algorithm 1 (n=4).

Algorithm 1 Algorithm for Double Towers of Hanoi Problem

1: procedure DoubleTowersOfHanoi(A, B, V ia, n)
2: if n == 1 then
3: print: Move from A to B
4: print: Move from A to B
5: else
6: DoubleTowersOfHanoi(A, V ia, B, n− 1)
7: print: Move from A to B
8: print: Move from A to B
9: DoubleTowersOfHanoi(V ia, B, A, n− 1)

10: end if
11: end procedure

The recurrence relation of algorithm 1 is

A1(n) =

{
2 n = 1
2.A1(n− 1) + 2 n > 1
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Algorithm 2 Enhanced Algorithm for Double Towers of Hanoi Problem

1: procedure EnhancedDoubleTowersOfHanoi(A, B, V ia, n)
2: DoubleTowersOfHanoi(A, V ia, B, n) ⊲ step 1
3: DoubleTowersOfHanoi(V ia, B, A, n) ⊲ step 2
4: end procedure

The recurrence relation of algorithm 2 is

A2(n) = 2.A1(n) n > 1

(a) (b)

Figure 5: (a) Configuration after step 1 of algorithm 2 (n=4). (b) Configuration
after step 2 of algorithm 2 (n=4).

3 The Merge Problem

In this section, we study the merge problem. Suppose there are three pegs, A,
B and Via. Suppose there are two sets of disks α and β, where α = { αi | 1 6 i
6 n } and β = { βi | 1 6 i 6 n } such that color of every disk in α is white and
color of every disk in β is black. Also, for every i, radius of αi is i and radius of
βi is i. Suppose there are placed a finite number of n disks on peg A from set
β with decreasing size from bottom to top and there are placed a finite number
of n disks on peg B from set α with decreasing size from bottom to top. Peg
Via is an auxillary peg. The goal of the problem is to place all the 2n disks
on peg A with non-increasing size from bottom to top such that for every same
size pair, the black disk is always placed below the white disk. The rules of the
problem remains the same.
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Figures 6a and 6b show the initial and final configuration of the merge problem
for n=4. Algorithm 3 solves the merge problem.

(a) (b)

Figure 6: (a) Initial configuration of the merge problem (n=4). (b) Final
configuration of the merge problem (n=4).

Algorithm 3 Algorithm for Merge Problem

1: procedure MergeProblem(A, B, V ia, n)
2: if n == 1 then
3: print: Move from B to A
4: else
5: MergeProblem(A, B, V ia, n− 1) ⊲ step 1
6: DoubleTowersOfHanoi(A, V ia, B, n− 1) ⊲ step 2
7: print: Move from B to A ⊲ step 3
8: DoubleTowersOfHanoi(V ia, A, B, n− 1) ⊲ step 4
9: end if

10: end procedure

The recurrence relation of algorithm 3 is

A3(n) =

{
1 n = 1
A3(n− 1) + 2.A1(n− 1) + 1 n > 1
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The correctness of algorithm 3 is shown in Figures 7a, 7b, 7c and 7d.

(a) (b)

(c) (d)

Figure 7: (a) Configuration after step 1 of algorithm 3 (n=4). (b) Configuration
after step 2 of algorithm 3 (n=4). (c) Configuration after step 3 of algorithm 3
(n=4). (d) Configuration after step 4 of algorithm 4 (n=4).

4 The Split Problem

In this section, we study the split problem. Suppose there are three pegs, A, B
and Via. Suppose there are two sets of disks α and β, where α = { αi | 1 6 i 6
n } and β = { βi | 1 6 i 6 n } such that color of every disk in α is white and
color of every disk in β is black. Also, for every i, radius of αi is i and radius
of βi is i. Suppose there are placed a finite number of 2n disks on peg A with
non-increasing size from bottom to top such that for every same size pair, the
black disk is always placed below the white disk. Peg Via is an auxillary peg.
The goal of the problem is to place n disks on peg A from set β with decreasing
size from bottom to top and n disks on peg B from set α with decreasing size
from bottom to top. The rules of the problem remains the same. Figures 8a
and 8b show the initial and final configuration of the split problem for n=4.
Algorithm 4 solves the split problem. The correctness of algorithm 4 is shown
in Figures 9a, 9b, 9c and 9d.

(a) (b)

Figure 8: (a) Initial configuration of the split problem (n=4). (b) Final
configuration of the split problem (n=4).
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Algorithm 4 Algorithm for Split Problem

1: procedure SplitProblem(A, B, V ia, n)
2: if n == 1 then
3: print: Move from A to B
4: else
5: DoubleTowersOfHanoi(A, V ia, B, n− 1) ⊲ step 1
6: print: Move from A to B ⊲ step 2
7: DoubleTowersOfHanoi(V ia, A, B, n− 1) ⊲ step 3
8: SplitProblem(A, B, V ia, n− 1) ⊲ step 4
9: end if

10: end procedure

The recurrence relation of algorithm 4 is

A4(n) =

{
1 n = 1
A4(n− 1) + 2.A1(n− 1) + 1 n > 1

(a) (b)

(c) (d)

Figure 9: (a) Configuration after step 1 of algorithm 4 (n=4). (b) Configuration
after step 2 of algorithm 4 (n=4). (c) Configuration after step 3 of algorithm 4
(n=4). (d) Configuration after step 4 of algorithm 4 (n=4).

5 The Swap Base Disk Problem

In this section, we study the swap base disk problem. Suppose there are three
pegs, A, B and Via. Suppose there are two sets of disks α and β, where α = {
αi | 1 6 i 6 n } and β = { βi | 1 6 i 6 n } such that color of every disk in α
is white and color of every disk in β is black. Also, for every i, radius of αi is i
and radius of βi is i. Suppose there are placed a finite number of n disks on peg
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A from set β∗ = { βi | 1 6 i 6 n-1 } ∪ { αn } with decreasing size from bottom
to top and there are placed a finite number of n disks on peg B from set α∗ =
{ αi | 1 6 i 6 n-1 } ∪ { βn } with decreasing size from bottom to top. Peg
Via is an auxillary peg. The goal of the problem is to make the towers on peg
A and peg B monochrome by swapping the base disks of towers on peg A and
peg B. The rules of the problem remains the same. Figures 10a and 10b show
the initial and final configuration of the swap base disk problem. Algorithm 5
solves the swap base disk problem. The correctness of algorithm 5 is shown in
Figures 11a, 11b, 11c, 11d,11e,11f, 11g and 11h.

(a) (b)

Figure 10: (a) Initial configuration of swap base disk problem (n=4). (b) Final
configuration of swap base disk problem (n=4).

Algorithm 5 Algorithm for Swap Base Disk Problem

1: procedure SwapBaseDiskProblem(A, B, V ia, n)
2: if n == 1 then
3: print: Move from A to Via
4: print: Move from B to A
5: print: Move from Via to B
6: else
7: MergeProblem(A, B, V ia, n− 1) ⊲ step 1
8: print: Move from B to Via ⊲ step 2
9: DoubleTowersOfHanoi(A, V ia, B, n− 1) ⊲ step 3

10: print: Move from A to B ⊲ step 4
11: DoubleTowersOfHanoi(V ia, B, A, n− 1) ⊲ step 5
12: print: Move from Via to A ⊲ step 6
13: EnhancedDoubleTowersOfHanoi(B, A, V ia, n− 1) ⊲ step 7
14: SplitProblem(A, B, V ia, n− 1) ⊲ step 8
15: end if
16: end procedure
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The recurrence relation of algorithm 5 is

A5(n) =

{
3 n = 1
A3(n− 1) +A4(n− 1) +A2(n− 1) + 2.A1(n− 1) + 3 n > 1

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 11: (a) Configuration after step 1 of algorithm 5 (n=4). (b) Configuration
after step 2 of algorithm 5 (n=4). (c) Configuration after step 3 of algorithm 5
(n=4). (d) Configuration after step 4 of algorithm 5 (n=4). (e) Configuration
after step 5 of algorithm 5 (n=4). (f) Configuration after step 6 of algorithm 5
(n=4). (g) Configuration after step 7 of algorithm 5 (n=4). (h) Configuration
after step 8 of algorithm 5 (n=4).
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6 The Easy Bicolor Towers of Hanoi

In this section, we present the algorithm for solving the easy bicolor problem.
Algorithm 6 solves the easy bicolor problem. The correctness of algorithm 6 is
shown in Figure 12.

Algorithm 6 Algorithm for Easy Bicolor Problem

1: procedure EasyBicolorProblem(A, B, V ia, n)
2: if n == 1 then

⊲ do nothing
3: else
4: BicolorProblem(A, B, V ia, n− 1) ⊲ step 1
5: end if
6: end procedure

The recurrence relation of algorithm 6 is

A6(n) =

{
0 n = 1
A7(n− 1) n > 1

Figure 12: Configuration after step 1 of algorithm 6 (n=4).

7 The Bicolor Towers of Hanoi

In this section, we present the algorithm for solving the bicolor problem. Algo-
rithm 7 solves the bicolor problem. The correctness of algorithm 7 is shown in
Figures 13a and 13b.
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Algorithm 7 Algorithm for Bicolor Problem

1: procedure BicolorProblem(A, B, V ia, n)
2: if n == 1 then
3: print: Move from A to Via
4: print: Move from B to A
5: print: Move from Via to B
6: else
7: EasyBicolorProblem(A, B, V ia, n− 1) ⊲ step 1
8: SwapBaseDiskProblem(A, B, V ia, n) ⊲ step 2
9: end if

10: end procedure

The recurrence relation of algorithm 7 is

A7(n) =

{
3 n = 1
A6(n− 1) +A5(n) n > 1

(a) (b)

Figure 13: (a) Configuration after step 1 of algorithm 7 (n=4). (b) Configuration
after step 2 of algorithm 7 (n=4).

8 Conclusion

We have studied the recursive solution to bicolor towers of Hanoi problem for
size n.
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Appendix A

A Recursive Solution to the Traditional
Towers of Hanoi Problem

Algorithm 8 Algorithm for traditional Towers of Hanoi Problem

1: procedure TowersOfHanoi(A, B, V ia, n)
2: if n == 1 then
3: print: Move from A to B
4: else
5: TowersOfHanoi(A, V ia, B, n− 1)
6: print: Move from A to B
7: TowersOfHanoi(V ia, B, A, n− 1)
8: end if
9: end procedure

The recurrence relation of algorithm 8 is

A8(n) =

{
1 n = 1
2.A8(n− 1) + 1 n > 1

References

[1] Rosen, K., H. Discrete Mathematics & and Its Applications: With Combi-
natorics and Graph Theory, McGraw-Hill Offices, 2010.

[2] http://www.cut-the-knot.org/recurrence/BiColorHanoi.shtml

Recreational Mathematics Magazine, Number 4, pp. 37–48



Mathematics and Arts

3D Anamorphic Sculpture and the

S-Cylindrical Mirror

Karen Mortillaro
Master Sculptor

kmortillaro@verizon.net, karenmortillaro.com

Abstract: Stand in just the right place in front of a painting and see an image.
Stand in any other position, and the image distorts to become unrecognizable.
That is an anamorphic image. The ancient Greeks used such images. Artists of
the Renaissance explored the concept in paintings and murals. A great leap for-
ward was made in 17th century France when artists made drawings that had to
be viewed with the aid of a cylindrical mirror. In this work we show how anamor-
phism appears in sculpture, creating distorted 3D scenes that can be viewed in
normal proportions in a mirror mounted within the piece. We show examples
that use many kinds of cylindrical mirrors but also irregular and S-shaped wave
mirrors.

Key-words: Mirrors, anamorphosis, 3D anamorphic sculpture, vertical S-
cylindrical mirror, Alice in Wonderland.

1 Mirrors

A mirror is a flat, smooth surface that reflects an image. And over time, mirrors
have been endowed with magical, and even supernatural powers; depending on
the circumstance a mirror can evoke love, terror, greed, jealousy, or horror.

Literature abounds with examples: the Greek mythology of Narcissus; the
Grimm Brothers’ Snow White and the Seven Dwarfs ; Lewis Carroll’s Through
the Looking Glass ; William Shakespeare’s Richard II ; Sylvia Plath’s poem “Mir-
ror”; Bram Stoker’s Dracula; Alfred, Lord Tennyson’s poem “The Lady of Shal-
lott”; the Mirror of Erised and two-way mirrors in the Harry Potter novels; the
Manuel of the Planes for Dungeons & Dragons ; and H. P. Lovecraft and Henry
S. Whitehead’s “The Trap”.

Mirrors are such a part of our everyday life that we take them for granted. We
get up in the morning, wash, dress, and before we leave the house, take one last
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look in the mirror. Yet what we see is not a true representation of who we are.
The flat mirror leaves shape and dimensions unaltered, but shows a reversed
left-to-right image of us, which is not how the outside world sees us.

Mirrors that are not flat can change, in a variety of ways, the dimensions, the
shape, and even the orientation of an object. Ask anyone who has stood in front
of a carnival mirror what they had experienced, and they will respond that they
saw distorted, undulating images – images that changed as they moved in close
towards and then backed away from the mirror.

Much like the reaction someone would have had with a carnival mirror, when I
was a very young child, I saw the most astonishing mirror reflection. Seeing this
reflection startled me, and its effect has influenced how I looked at mirrors and
reflections to this day. The experience happened when I was around 12 years
old, and it took place at a formal family dinner.

For this special dinner, the very best linen, china, crystal, and silverware were
brought out. And as I sat waiting for the adults to be seated, my soupspoon
caught my gaze (Figure 1).

Figure 1: Soupspoon.

I moved closer to take a better look, and what to my surprise, there was some-
thing floating in the bowl of the spoon. To my astonishment, the object was
the dinning room chandelier. My eyes were fixed on the reflection in the spoon,
which seemed all too real, yet when I tried to grab the floating shape between
my fingers, the fingers passed through the image as if it were a ghost. When the
dinner was over, I was called to help with the kitchen clean up. And with the
spoon reflection fresh in my mind, I looked at the sterling silver coffee urn and
large service pieces were looked at in a new way: as the dishes were being dried,
I started to move in close and then back away from the curved mirrored pieces. I
was amazed by the most delightful reflections, which changed as I moved around
the kitchen. There looking back at me were reflections that merged and then
changed from a one-eyed Cyclops, to a bird beaked faces without eyes, to a
short-bodied, and then a tall-bodied figure.

Today, there are two childhood experiences that have influenced my artwork.
The first was soupspoon observation I just mentioned. The second was a dis-
covery of a book about the anamorphic arts. As I look back, I recall being
mesmerized by the images in that book, an eighteenth-century French anamor-
phic art book with pictures that were flat, very distorted, and only recognizable
when the images were viewed in a cylindrical mirror.
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2 Anamorphosis

The anamorphic arts have held a special fascination for both the artists and
viewers, with possibly one of the earliest examples being found in the prehistoric
Lascaux caves (Figure 2).

Figure 2: Lascaux caves.

The cave paintings have oblique angles and distorted images and viewing an-
gles, all of which might have been created with the intuitive use of anamorphic
perspective.

Then there are the examples of the calculated use of anamorphic concepts, which
can be seen in the mathematical proportions of the Greek parthenon (Figures
3 and 4) and the varied letter sizes on the Roman triumphal arches. But it
was the European Renaissance that brought the greatest advancement in visual
perception with the invention of perspective (Figure 5).

Figure 3: Greek parthenon.
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The artists and scientists of the Renaissance thoroughly researched the one-
point, two-point, and three-point perspective concepts. For the first time, artists
had a tool that let them create, on a flat surface, an image that had depth and
a 3D realism.

Figure 4: Parthenon drawing.

When first viewed, these images were considered magical. And the magic contin-
ued with the addition of anamorphosis, which is just the opposite of perspective.
Anamorphosis is a distortion of the shapes and dimensions of an image, making
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it impossible for an observer to recognize an image when standing in front of
it. There are two types of anamorphosis: oblique and catoptric (mirror). Both
types of anamorphosis are distorted images on a flat plane; to view a recog-
nizable image requires that the observer must stand in a particular spot and
look at the distorted image obliquely or view a corrected reflection in a curved
mirror.

Figure 5: Optical corrections.

Piero della Francesca and Leonardo da Vinci are considered to be among the
first Renaissance artists to use geometric perspective and anamorphosis. One
of the earliest examples of anamorphosis works is seen in da Vinci’s notebook
drawing from Codice Atlanticus, c.1483-1518, a drawing of a distorted child’s
face that must be viewed obliquely to see the realistic image of a face and eyes
(Figure 6).

Figure 6: Distorted drawing.

Hans Holbein, the Younger’s painting, The Ambassador, 1533, is often cited for
the use of anamorphic perspective. In this work, Holbein took great care to
present near-perfect perspective, but resting in the lower area of the canvas is
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an odd, diagonally placed shape. The odd shape is an anamorphic skull that
can be viewed only from a position to the right of the painting (Figures 7 and
8).

Figure 7: The Ambassadors.

Figure 8: Skull.
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The eighteenth century saw the introduction of the cylindrical mirror, which was
augmented by the cone and pyramid mirrors (Figure 9). And continuing into
the twentieth and twenty-first centuries, there have been a number of creative
additions to the anamorphic arts.

Figure 9: Mirror.

3 3D Anamorphic Sculpture

There are several twentieth-century additions to the anamorphic arts that can
be seen in my own artwork. I researched the idea for a 3D anamorphic sculpture
was questioned and researched in 1986 and completed my first 3D anamorphic
sculpture, Self-Portrait, in 1988 (Figure 10).

Figure 10: Self-Portrait.
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Self-Portrait merged seventeenth-century mirrored anamorphosis with sculp-
ture: instead of using a distorted flat image, I used clay to create a distorted
fan-shaped relief. Initially, I used a conventional flat geometric anamorphic
technique, but because of the solid nature of the clay, the work required a new
approach, which involved sculpting directly in front of the mirror. When the
sculpture was placed in front of a 180-degree mirror the distorted relief reflected
a 3D image.

The working method I used initially used to create Self-Portrait included a 12-
inch flat glass mirror, a 6-inch cylindrical Mylar mirror, an 8×12-inch black and
white self-portrait photograph with a 1-inch inked grid drawn to the borders of
the photograph, a curved fan shaped 14×24-inch grid that was drawn on a sheet
of paper, a 14 × 24-inch inked fan shaped grid on a sheet of clear plastic, and
oil-based clay. I numbered the grid units were numbered across the horizontal
border of the self-portrait photograph and then alphabetically labeled each grid
unit on the vertical border. The curved grid was identically labeled on the
horizontal and vertical borders. Then I placed the self-portrait photograph
next to the curved grid and translated the photograph into a curved image by
drawing each square of the self-portrait photograph grid with pencil in gray
values on the paper’s curved grid units. From time to time, during the drawing
process, I put the drawing in front of the cylindrical Mylar mirror to check on
my progress (Figure 11).

Figure 11: Method.

Once the distorted curved-grid drawing was completed, I placed the clear plas-
tic inked fan grid was placed on top (the plastic was used to insure that the
pencil drawing was not damaged by the clay), making sure that the overlapping
grids matched, and then placed both the drawing and the plastic in front of the
Mylar mirror, which I used to make a final check for accuracy; the drawing had
the depth and width of a seventeenth-century anamorphic drawing. The next
step was to achieve the height that was needed to create the piece’s 3D feature.
Starting at the outside edges of the drawing and working towards the Mylar
mirror, I spread a thin layer of clay on top of the drawing. Adding the clay did
started to give the piece height, but at the same time, the drawing under the
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plastic grid was being eradicated and the facial features were gone.

The course I took to solve the sculpting problem involved making a few changes
to the set-up. I placed the self-portrait photograph so that it faced the flat mir-
ror, with the mirror facing out towards the viewer. I then placed the photograph
and mirror next to the cylindrical Mylar mirror and the distorted fan-drawn grid.
While standing in front of the mirror, and while looking at the flat mirror, I then
applied clay to the flat distorted grid, and at the same time, I looked into the
cylindrical Mylar mirror to check on the progress of the sculpting. Working the
clay in this manner required me to create the figure upside down and reversed.

4 A New Mirror:

The Vertical S-Cylindrical Mirror

I created a much more complicated 3D anamorphic sculpture, Brothers, in 1990.
For this new piece, instead of using a cylinder, cone, or pyramid mirror, I created
a new mirror by slicing a slicing a cylindrical mirror in half, then shifting and
joining the opposite edges together, which created an “S” or wave, cylindrical
mirror (Figure 12).

Figure 12: S-cylindrical mirror.

Because of the design of the mirror’s design, I used two distorted anamorphic
sculptures for Brothers, distorting each sculpture in a uniquely different way
than the other 13). The first sculpture is a high-relief fan shaped man sitting in
an overstuffed chair with his feet up on an ottoman; this figure is placed in front
of the S-cylindrical mirror’s convex area and reflects a traditional anamorphic
image. The second sculpture is a standing figure that appears wider than nor-
mal, but when the sculpture is placed in the concave area of the S-cylindrical
mirror, the figure’s reflection appears slimmed down and normal. What the
viewer experiences is a parabolic reflection, which is much like a hologram for
an off-the-surface and floating-in-space reflection 1.

1http://www.karenmortillaro.com/videos.php
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Figure 13: Brothers.

5 Alice in Wonderland

Lewis Carroll’s Alice in Wonderland was written during the Victorian era, an
era that produced extraordinary advancements in the areas of mathematics,
science, literature, art, politics, and exploration. In writing his children’s book,
Carroll took the creative energy of his time and, instead of writing a story that
was dull and moralizing, he wrote a book that was magic for a young reader,
a book that is filled with fun, puns, nonsense logic, math, science, and popular
culture.

Figure 14: Alice table.
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Alice in Wonderland is a classic story that has been illustrated by many fine
and accomplished artists over the past one 150 years; but there had never been
an attempt to illustrate the story in sculpture. Such a task seemed to me to be
quite an interesting and worthwhile undertaking.

Figure 15: One more Alice table.

Using Lewis Carroll’s masterpiece, along with the richness of the Victorian pe-
riod, I found it difficult to create just one piece of sculpture that would fully
illustrate Alice’s dream journey. So, I decided to create, in 3D anamorphic sculp-
ture, one table-like sculpture for each chapter; when all twelve Alice tables are
brought together, they will create one united sculpture. Each table-size sculp-
ture is first sculpted in clay, then cast in bronze, and includes a stainless steel
S-cylindrical mirror. The S-cylindrical mirror is ideal for this project because
it allows for the figures on one side of the mirror to be sculpted realistically,
while on the opposite side of the mirror are distorted and unrecognizable. The
mirror is symbolic of the parallel worlds that Alice might have experienced in
her dream state; the world of reality is on one side of the mirror; and the world
of illusion is on the mirror’s opposite side (Figures 14, 15 and 16).
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Figure 16: Even one more Alice table.

Having only a minimal background in the areas of mathematics, physics, and
the neurosciences, I have created all of the 3D anamorphic sculptures by making
intuitive calculations by hand. To date, six of the twelve sculptures of the Alice
Series have been completed. The working method I have used since 1988 to
create these sculptures involves the following steps: (1) I visualize the sculpture
is seen in my mind’s eye, (2) I make notebook sketches and notations, (3) I look
directly into the S-cylindrical mirror while hand sculpting in front of the curved
mirror, and (4) I cast the finished clay sculpture is cast in bronze, with the
addition of a stainless steel mirror. It should be noted that 29 years ago, when I
first started to create the 3D anamorphic sculptures, many of the technological
tools, such as the PC computer and CNC milling machines, were in their infancy
or they were not available to me. But within the past few years, today’s PC
computers and computer software have become greatly advanced. In addition,
3D scanning and 3D printing not only are readily available but also have become
much more cost effective and user friendly. Using these new technological tools
will lead to design and fabrication possibilities that cannot be achieved by hand,
and I am looking forward to using these tools to assist with the completion of
the Alice Series, but also with future sculptures.

6 Acknowledgment

I would be remiss if I failed to acknowledge two individuals, Lewis Carroll and
Martin Gardner; each of these gentlemen has had a major influence on my Alice
Series. Their influence can be seen in my notebooks, which are kept in my
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studio, close to two other books; Carroll’s Alice in Wonderland [2] and Martin
Gardner’s The Annotated Alice [1]. My notebooks contain copious sketches and
notes that are visual concept interpretations of Carroll’s story. Gardner’s The
Annotated Alice, a brilliant analysis of Carroll’s story, is an invaluable resource
that also adds to the notebook studies. Both men wrote children’s literature and
were very involved with mathematics. Carroll taught and wrote about math,
and Gardner, although not a mathematician, was a prolific writer on the sub-
ject. Both men enjoyed puzzles, magic, and games. Both men were also very
socially shy, shunning all public recognition, but last year there was a world
wide celebration of Gardner’s 100-year birthday, and this year there will be a
worldwide 150th-anniversary celebration of the publication of Lewis Carroll’s
Alice in Wonderland. To both of these creative individuals, I thank you.

For more information on Lewis Carroll, please check the web for the Lewis
Carroll Society; there are societies in the UK, USA, Canada, Brazil, and Japan.
Information on Martin Gardner can be found on the Martin Gardner website:
martin-gardner.org.
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