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1 Introduction

The bicolor towers of Hanoi problem is a variation of traditional towers of Hanoi
[1] problem. It was offered to grade 3-6 students at 2ème Championnat de France
des Jeux Mathématiques et Logiques held in July 1988 [2]. Suppose there are
three pegs, A, B and Via. Suppose there are two sets of disks α and β, where
α = { αi | 1 6 i 6 n } and β = { βi | 1 6 i 6 n } such that color of every
disk in α is white and color of every disk in β is black. Also, for every i, radius
of αi is i and radius of βi is i. Suppose there are placed a finite number of n
disks of alternating colors on pegs A and B with decreasing size from bottom to
top. Peg Via is an auxillary peg. The goal of the problem is to make the towers
of pegs A and B monochrome. The biggest disks at the bottom of the pegs A
and B are required to swap positions. The rules of the problem are the following:

1. Only one disk can be moved at any time.

2. At no time can a larger disk be placed on a smaller disk. Same size disks
can be placed over one another.

Figures 1a and 1b show the initial and final configuration of bicolor towers of
Hanoi problem for n = 4. Out of the bicolor towers of Hanoi problem, we derive
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a new problem, which is same as the bicolor towers of Hanoi problem except
that in this variation, we compel the output configuration to maintain the base
disks of pegs A and B in their original place as was in its original configuration.
We name this problem as easy bicolor towers of Hanoi problem. Figures 2a
and 2b show the initial and final configuration of easy bicolor towers of Hanoi
problem for n = 4. Hereafter, we refer the bicolor towers of Hanoi problem as
the bicolor problem and the easy bicolor towers of Hanoi problem as the easy
bicolor problem.

(a) (b)

Figure 1: (a) Initial configuration of bicolor towers of Hanoi problem (n = 4).
(b) Final configuration of bicolor towers of Hanoi problem (n=4).

(a) (b)

Figure 2: (a) Initial configuration of easy bicolor towers of Hanoi problem (n=4).
(b) Final configuration of easy bicolor towers of Hanoi problem (n=4).

2 Double Towers of Hanoi Problem

We will study another variation to traditional towers of Hanoi problem which
is double towers of Hanoi problem. Suppose there are three pegs, A, B and
Via. Suppose there are two sets of disks α and β, where α = { αi | 1 6 i 6
n } and β = { βi | 1 6 i 6 n } such that color of every disk in α is white
and color of every disk in β is black. Also, for every i, radius of αi is i and
radius of βi is i. Suppose there are placed a finite number of 2n disks on peg A
with non-increasing size from bottom to top such that for every same size pair,
the black disk is always placed below the white disk. Peg Via is an auxillary
peg. The goal of the problem is to move all the disks from peg A to peg B.
In the output configuration on peg B, for every same size disk pair, the black
disk is supposed to get placed below the white disk. The rules of the problem
remains the same. Figures 3a and 3b show the initial and final configuration of
double towers of Hanoi problem for n=4. Algorithm 1 solves the double towers
of Hanoi problem with a small fault in the output configuration. The fault in
the output configuration is that the position of the bottommost same size disk
pair gets swapped, that is, the white disk get placed below the black disk as
shown in Figures 4a and 4b.
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To overcome this fault, we present enhanced double towers of Hanoi algorithm
which calls the double towers of Hanoi routine twice to overcome this fault.
The correctness of algorithm 1 (with the fault) is straightforward whereas the
correctness of algorithm 2 is shown in Figures 5a and 5b.

(a) (b)

Figure 3: (a) Initial configuration of double towers of Hanoi problem (n=4). (b)
Final configuration of double towers of Hanoi problem (n=4).

(a) (b)

Figure 4: (a) Initial configuration of double towers of Hanoi problem (n=4).
(b) Final configuration of double towers of Hanoi problem with a fault due to
algorithm 1 (n=4).

Algorithm 1 Algorithm for Double Towers of Hanoi Problem

1: procedure DoubleTowersOfHanoi(A, B, V ia, n)
2: if n == 1 then
3: print: Move from A to B
4: print: Move from A to B
5: else
6: DoubleTowersOfHanoi(A, V ia, B, n− 1)
7: print: Move from A to B
8: print: Move from A to B
9: DoubleTowersOfHanoi(V ia, B, A, n− 1)

10: end if
11: end procedure

The recurrence relation of algorithm 1 is

A1(n) =

{
2 n = 1
2.A1(n− 1) + 2 n > 1
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Algorithm 2 Enhanced Algorithm for Double Towers of Hanoi Problem

1: procedure EnhancedDoubleTowersOfHanoi(A, B, V ia, n)
2: DoubleTowersOfHanoi(A, V ia, B, n) ⊲ step 1
3: DoubleTowersOfHanoi(V ia, B, A, n) ⊲ step 2
4: end procedure

The recurrence relation of algorithm 2 is

A2(n) = 2.A1(n) n > 1

(a) (b)

Figure 5: (a) Configuration after step 1 of algorithm 2 (n=4). (b) Configuration
after step 2 of algorithm 2 (n=4).

3 The Merge Problem

In this section, we study the merge problem. Suppose there are three pegs, A,
B and Via. Suppose there are two sets of disks α and β, where α = { αi | 1 6 i
6 n } and β = { βi | 1 6 i 6 n } such that color of every disk in α is white and
color of every disk in β is black. Also, for every i, radius of αi is i and radius of
βi is i. Suppose there are placed a finite number of n disks on peg A from set
β with decreasing size from bottom to top and there are placed a finite number
of n disks on peg B from set α with decreasing size from bottom to top. Peg
Via is an auxillary peg. The goal of the problem is to place all the 2n disks
on peg A with non-increasing size from bottom to top such that for every same
size pair, the black disk is always placed below the white disk. The rules of the
problem remains the same.
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Figures 6a and 6b show the initial and final configuration of the merge problem
for n=4. Algorithm 3 solves the merge problem.

(a) (b)

Figure 6: (a) Initial configuration of the merge problem (n=4). (b) Final
configuration of the merge problem (n=4).

Algorithm 3 Algorithm for Merge Problem

1: procedure MergeProblem(A, B, V ia, n)
2: if n == 1 then
3: print: Move from B to A
4: else
5: MergeProblem(A, B, V ia, n− 1) ⊲ step 1
6: DoubleTowersOfHanoi(A, V ia, B, n− 1) ⊲ step 2
7: print: Move from B to A ⊲ step 3
8: DoubleTowersOfHanoi(V ia, A, B, n− 1) ⊲ step 4
9: end if

10: end procedure

The recurrence relation of algorithm 3 is

A3(n) =

{
1 n = 1
A3(n− 1) + 2.A1(n− 1) + 1 n > 1
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The correctness of algorithm 3 is shown in Figures 7a, 7b, 7c and 7d.

(a) (b)

(c) (d)

Figure 7: (a) Configuration after step 1 of algorithm 3 (n=4). (b) Configuration
after step 2 of algorithm 3 (n=4). (c) Configuration after step 3 of algorithm 3
(n=4). (d) Configuration after step 4 of algorithm 4 (n=4).

4 The Split Problem

In this section, we study the split problem. Suppose there are three pegs, A, B
and Via. Suppose there are two sets of disks α and β, where α = { αi | 1 6 i 6
n } and β = { βi | 1 6 i 6 n } such that color of every disk in α is white and
color of every disk in β is black. Also, for every i, radius of αi is i and radius
of βi is i. Suppose there are placed a finite number of 2n disks on peg A with
non-increasing size from bottom to top such that for every same size pair, the
black disk is always placed below the white disk. Peg Via is an auxillary peg.
The goal of the problem is to place n disks on peg A from set β with decreasing
size from bottom to top and n disks on peg B from set α with decreasing size
from bottom to top. The rules of the problem remains the same. Figures 8a
and 8b show the initial and final configuration of the split problem for n=4.
Algorithm 4 solves the split problem. The correctness of algorithm 4 is shown
in Figures 9a, 9b, 9c and 9d.

(a) (b)

Figure 8: (a) Initial configuration of the split problem (n=4). (b) Final
configuration of the split problem (n=4).
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Algorithm 4 Algorithm for Split Problem

1: procedure SplitProblem(A, B, V ia, n)
2: if n == 1 then
3: print: Move from A to B
4: else
5: DoubleTowersOfHanoi(A, V ia, B, n− 1) ⊲ step 1
6: print: Move from A to B ⊲ step 2
7: DoubleTowersOfHanoi(V ia, A, B, n− 1) ⊲ step 3
8: SplitProblem(A, B, V ia, n− 1) ⊲ step 4
9: end if

10: end procedure

The recurrence relation of algorithm 4 is

A4(n) =

{
1 n = 1
A4(n− 1) + 2.A1(n− 1) + 1 n > 1

(a) (b)

(c) (d)

Figure 9: (a) Configuration after step 1 of algorithm 4 (n=4). (b) Configuration
after step 2 of algorithm 4 (n=4). (c) Configuration after step 3 of algorithm 4
(n=4). (d) Configuration after step 4 of algorithm 4 (n=4).

5 The Swap Base Disk Problem

In this section, we study the swap base disk problem. Suppose there are three
pegs, A, B and Via. Suppose there are two sets of disks α and β, where α = {
αi | 1 6 i 6 n } and β = { βi | 1 6 i 6 n } such that color of every disk in α
is white and color of every disk in β is black. Also, for every i, radius of αi is i
and radius of βi is i. Suppose there are placed a finite number of n disks on peg
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A from set β∗ = { βi | 1 6 i 6 n-1 } ∪ { αn } with decreasing size from bottom
to top and there are placed a finite number of n disks on peg B from set α∗ =
{ αi | 1 6 i 6 n-1 } ∪ { βn } with decreasing size from bottom to top. Peg
Via is an auxillary peg. The goal of the problem is to make the towers on peg
A and peg B monochrome by swapping the base disks of towers on peg A and
peg B. The rules of the problem remains the same. Figures 10a and 10b show
the initial and final configuration of the swap base disk problem. Algorithm 5
solves the swap base disk problem. The correctness of algorithm 5 is shown in
Figures 11a, 11b, 11c, 11d,11e,11f, 11g and 11h.

(a) (b)

Figure 10: (a) Initial configuration of swap base disk problem (n=4). (b) Final
configuration of swap base disk problem (n=4).

Algorithm 5 Algorithm for Swap Base Disk Problem

1: procedure SwapBaseDiskProblem(A, B, V ia, n)
2: if n == 1 then
3: print: Move from A to Via
4: print: Move from B to A
5: print: Move from Via to B
6: else
7: MergeProblem(A, B, V ia, n− 1) ⊲ step 1
8: print: Move from B to Via ⊲ step 2
9: DoubleTowersOfHanoi(A, V ia, B, n− 1) ⊲ step 3

10: print: Move from A to B ⊲ step 4
11: DoubleTowersOfHanoi(V ia, B, A, n− 1) ⊲ step 5
12: print: Move from Via to A ⊲ step 6
13: EnhancedDoubleTowersOfHanoi(B, A, V ia, n− 1) ⊲ step 7
14: SplitProblem(A, B, V ia, n− 1) ⊲ step 8
15: end if
16: end procedure
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The recurrence relation of algorithm 5 is

A5(n) =

{
3 n = 1
A3(n− 1) +A4(n− 1) +A2(n− 1) + 2.A1(n− 1) + 3 n > 1

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 11: (a) Configuration after step 1 of algorithm 5 (n=4). (b) Configuration
after step 2 of algorithm 5 (n=4). (c) Configuration after step 3 of algorithm 5
(n=4). (d) Configuration after step 4 of algorithm 5 (n=4). (e) Configuration
after step 5 of algorithm 5 (n=4). (f) Configuration after step 6 of algorithm 5
(n=4). (g) Configuration after step 7 of algorithm 5 (n=4). (h) Configuration
after step 8 of algorithm 5 (n=4).
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6 The Easy Bicolor Towers of Hanoi

In this section, we present the algorithm for solving the easy bicolor problem.
Algorithm 6 solves the easy bicolor problem. The correctness of algorithm 6 is
shown in Figure 12.

Algorithm 6 Algorithm for Easy Bicolor Problem

1: procedure EasyBicolorProblem(A, B, V ia, n)
2: if n == 1 then

⊲ do nothing
3: else
4: BicolorProblem(A, B, V ia, n− 1) ⊲ step 1
5: end if
6: end procedure

The recurrence relation of algorithm 6 is

A6(n) =

{
0 n = 1
A7(n− 1) n > 1

Figure 12: Configuration after step 1 of algorithm 6 (n=4).

7 The Bicolor Towers of Hanoi

In this section, we present the algorithm for solving the bicolor problem. Algo-
rithm 7 solves the bicolor problem. The correctness of algorithm 7 is shown in
Figures 13a and 13b.
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Algorithm 7 Algorithm for Bicolor Problem

1: procedure BicolorProblem(A, B, V ia, n)
2: if n == 1 then
3: print: Move from A to Via
4: print: Move from B to A
5: print: Move from Via to B
6: else
7: EasyBicolorProblem(A, B, V ia, n− 1) ⊲ step 1
8: SwapBaseDiskProblem(A, B, V ia, n) ⊲ step 2
9: end if

10: end procedure

The recurrence relation of algorithm 7 is

A7(n) =

{
3 n = 1
A6(n− 1) +A5(n) n > 1

(a) (b)

Figure 13: (a) Configuration after step 1 of algorithm 7 (n=4). (b) Configuration
after step 2 of algorithm 7 (n=4).

8 Conclusion

We have studied the recursive solution to bicolor towers of Hanoi problem for
size n.
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Appendix A

A Recursive Solution to the Traditional
Towers of Hanoi Problem

Algorithm 8 Algorithm for traditional Towers of Hanoi Problem

1: procedure TowersOfHanoi(A, B, V ia, n)
2: if n == 1 then
3: print: Move from A to B
4: else
5: TowersOfHanoi(A, V ia, B, n− 1)
6: print: Move from A to B
7: TowersOfHanoi(V ia, B, A, n− 1)
8: end if
9: end procedure

The recurrence relation of algorithm 8 is

A8(n) =

{
1 n = 1
2.A8(n− 1) + 1 n > 1
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